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CHAPTER 1

Sets and Functions

A set is simply a collection of objects. Everything in the Universe can be regarded

as members, or elements, of some set. This course starts with the study of numbers, and

different types of numbers can be easily described in terms of sets. Thus, it is important

that we get the ground rules right.

1.1. Set notation

It is traditional to denote sets in capital letters, and its elements in small letters: If

x belongs to set A, we denote this as . If y does not belong to set A, we write

.

A pair of curly brackets is used to denote a set defined by a list of elements, e.g.

A = {
√

2, a banana , a panda}

Now we come to subsets, which is an intuitive idea: B is a subset of A if the whole

of B is contained in A, i.e. every element of B is also an element of A. In symbols:

if and only if (1.1)

Of course we have not excluded the possibility that B = A. To exclude this possibility,

we write , which means that B is a subset of A.

I should point out the logical significance of the phrase “if and only if”, which you

will often come across. This phrase, sometimes abbreviated “iff” or denoted as ⇐⇒
, signifies an equivalence between two statements. It comprises two one-way logical

implications: “ =⇒ ”, and “⇐= ”. More about this in the Examples on the next page.

Question. Write down a proper subset of A above.

Question. C = {a banana, a panda,
√

2}. Is A = C?

Indeed, two sets are equal if they contain the same elements. In terms of subsets,

we can say that two sets are equal if they are subsets of each other, i.e. A = C iff

. We will see later that establishing whether two sets are

the same can sometimes involve more work than you might think.

A set can be empty: the empty set is denoted by , which is a subset of every set.
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Example 1.1. Insert =⇒ , ⇐= , ⇐⇒ between the following pairs of statements:

(a) x > 9 x ≥ 8.

(b) x > 9 x ≥ 10.

(c) x > 9 x2 > 81.

Example 1.2. Insert an interesting statement in each blank.

(a) Sue has blue hair =⇒

(b) Sue has blue hair ⇐=

(c) Sue has blue hair ⇐⇒

Comparing the two sets of examples above, which is more difficult? why do you

think this is the case?

1.2. Number sets

There are several special sets that you may have already seen:

• , N = {1, 2, 3 . . .}
• , Z = {0,±1,±2,±3 . . . }
• , Q = {m/n where m,n ∈ Z and n 6= 0}
• , R

Our intuition allows us to make sense of N and Z naturally. Most of us were also

introduced to fractions, or rational numbers, at a young age, and we now use them

without thinking too much about where they come from.

The real numbers, however, are not actually as intuitive as you might have thought.

We will examine how real numbers like π or
√

2 are constructed in the next chapter.

This is a good place for me to introduce another mathematical shorthand: the “such

that” sign “:”. For example, try reading out this:

{x ∈ N : 1 ≤ x < 4}

which of course is just the set . (Note that some people use a vertical

line | instead of a colon.)

Question. True or false? i) N ⊆ Q. ii) Q ⊆ Z.
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Question. Write down a simpler description of set {x ∈ S : x(x+ 1)(2x+ 1) = 0}
where i) S = Q, ii) S = N

1.3. Set operations

The of two sets, A and B, is the set of all elements belonging

to both A and B. We write this as

A ∩B = (1.2)

The of two sets, A and B, is the set of all elements belonging

to either A or B. In symbols:

A ∪B = (1.3)

The of set A, is the set of all elements not belonging to A.

A{ = (1.4)

The words and/or are key to understanding statements concerning sets. Note that

when we say x ∈ “A or B”, it includes the possibility that x ∈ “A and B”1.

Theorem 1.1. (de Morgan’s laws) Let A and B be any sets, then

i) (A ∪B){ = A{ ∩B{

ii) (A ∩B){ = A{ ∪B{

It is instructive to study the proof for (i) in detail (the proof for (ii) is similar). If

you sketch a ‘Venn diagram’, you can see why this property holds.

Unfortunately this does not constitute a proof. Remember that in pure mathemat-

ics, we are trying to dig deep into the fundamental reasons for things that you might

otherwise take for granted. Diagrams are helpful, but they are not a fundamental build-

ing block of mathematics: logic is. Hence a good proof should be based only on logical

reasoning.

1this is called an ’inclusive OR’, or, a logical disjunction if you want to impress somebody.
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Proof of (i):

We have seen that to establish equivalence of two sets X and Y , we break the

problem down by showing that and . Similarly, to establish a

logical equivalence between two statements X and Y , we break the problem down by

showing that and .

Example 1.3. Prove that

A ⊆ B if and only if A ∩B = A

.
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1.4. Functions

A function is a mapping, or rule of correspondence, between two sets. We write

f : A→ B (1.5)

to mean “f is a function which maps elements in set A to elements in set B”. For

example, consider the function

f : {1, 2, 3} → Z, f(n) = n2. (1.6)

We can visualise f as the arrows in this picture:

Here are some important terms2 regarding the function f in (1.6).

• The set {1, 2, 3} is called the of f .

• The set Z is called the of f .

• The set {1, 4, 9} is called the of f

There is a distinction between the codomain (the target set, Z), and the range (set

of precise elements in that target which the arrows map onto). This is because for

complicated functions, it is difficult to establish their range right away - so it’s easier to

start by talking about the codomain first, and look for the correct subset in there. The

codomain is not unique – it depends on how much you know about the function already.

The picture below summarises the meaning of these terms.

2In some books, the range is called the image, and the domain is called the pre-image of f (why?).
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We can also think of functions as graphs. On the graph below, indicate where the

domain, codomain and range are.

-2

-1

 0

 1

 2

 3

 4

-3 -2 -1  0  1  2  3

Note that f is the rule, that assigns numbers on the x-axis to those on the y-axis.

The rule itself is not evident in the graph, but the results of this rule are.

Students often confuse f with f(x). Remember that the function f is the machine (the

meat grinder) and f(x) is the result (minced meat).

Do say “range of f”; Don’t say “range of f(x)”.

One important requirement for a mapping to be called a function is that it must be

single-valued, this means that one element cannot not be mapped onto many elements

(i.e. one-to-many is no good), as shown in the pictures below

A function Not a function.

Question. Give an example of a non-function and sketch its graph.
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We now look at special types of ‘nice’ functions.

1.5. Injection

A function is injective, or one-to-one if every element in the range corresponds to a

unique element in the domain. In other words, no two elements are mapped onto the

same image, as the pictures below explain (insert arrows).

An injection Not an injection.

We can define this more mathematically: A function f is injective if, ∀x1, x2 in its

domain,

f(x1) = f(x2) =⇒ (1.7)

Note that the symbol ∀ reads “for all”. Its partner is ∃ (“there exists”), which we’ll

encounter later.

Example 1.4. Let x ≥ −2, and define f(x) =
√

2x+ 4. Prove that f is injective.

It is important to note that whether a function is injective or not depends on the

domain on which it’s defined.
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Example 1.5. Show that f(x) = x2 is injective on D1 but not D2, where

D1 = {x : 0 ≤ x ≤ 4} D2 = {x : −2 ≤ x ≤ 2}.

Sketch the graph on each interval.

What can you say about the graphs of injective functions?

Because the function is one-to-one, every y value corresponds to only one x value. In

other words, you can perform a horizontal-line test to see if a function is injective over

a domain: every horizontal line should cut the graph at a single point.

Question. In each case, give an example of a function that is

i) injective on R.

ii) injective on {x : x > 0}, but not on R.
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1.6. Surjection

A function f : A → B is surjective, or on-to if its codomain is precisely its range,

i.e. every element in B is an image of some element in A. As in the pictures below:

A surjection Not a surjection.

Example 1.6. Prove that g : R −→ R : g(x) = x3 is surjective

Whether a function is surjective or not depends on how the codomain is defined.

Example 1.7. Consider the function g : R −→ B : g(x) = 1− x2. Give an example

of set B which makes g

i) surjective, ii) not surjective.

Graphs are often helpful to determine if a function is surjective or not: a surjective

function produces a graph which covers every element on the y axis that belongs to the

codomain.

Question. Describe a ‘dartboard’ analogy for a surjection.
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1.7. Inverse function

Suppose we have a function f : A → B, and we want to construct the inverse rule,

let’s call it g : B → A which does the mapping in reverse. What criteria must f meet

to allow this construction?

First of all, we want g to also be a function, i.e. g should not be ‘one-to-many’, just

like f . This means that, f must be .

Also, we want every element in B to be mapped by g onto something in A. Thinking

about this in reverse, this means that f must be .

Therefore, if f has an inverse function, we need f to both an injection and a surjec-

tion, i.e. a .

Theorem 1.2. A function has an inverse if and only if it is a bijection.

The inverse function of f is written f−1 : B → A. The notation f−1(x) is never used

to mean the reciprocal [f(x)]−1 =
1

f(x)
. It’s best to think of f−1 as one big symbol.

Example 1.8. The function f : A→ B is given by f(x) = ex where A = {x : x ≥ 0}.
Show that f is a bijection for a suitable choice of B.

Hence, find f−1 and sketch its graph.
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For the next example it’s helpful to recall the to trigono-

metric equations. Here’s a quick recap.

Example 1.9. Find all solutions to the following equations.

(a) cosx = 1
2
,

(b) tan(x+ π) = 1,

(c) sinx = sin (π/5).

More generally, the general solutions to trigonometric equations are as follows:
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Example 1.10. Why is the cosine function

f(x) = cos x, (x ∈ R)

not an injection?

Construct the inverse cosine function by choosing an appropriate domain and a codomain.

Sketch its graph.
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1.8. Composite functions

Sometimes we may need a chain of maps between more than 2 sets. For example,

let f : A → B and g : B → C. We can construct a function h : A → C which is a

of f and g, as shown in the picture below

For this composition to be possible, we must make sure that the range of f , denoted

Ran(f), satisfies:

Ran(f) = (1.8)

The composite function is called g ◦ f , or simply gf . Note the ordering: to calculate

gf(x), first f acts on x, then g acts on that result.

Example 1.11. Define f(x) = 1− x2 and g(x) =
√
x. Find

i) g ◦ f , ii) f ◦ g.

State the domain and range in each case.
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Example 1.12. Let f : A → B and g : B → C be bijections. Prove that g ◦ f is

also a bijection.

Hence, write down a relationship between f−1, g−1 and (gf)−1 (see diagram).
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1.9. Mathematical Induction

We end this chapter with a short introduction to an important technique which

we will often use to prove statements about sets and numbers. You will be using this

technique for many years to come, and often in surprising circumstances. Make sure you

understand this section thoroughly.

Principle of Mathematical Induction: Let n ∈ N and P (n) be a statement.

If the following two conditions are satisfied:

i) P (1) is true,

ii) Assuming P (n) is true for some n, then P (n+ 1) is true,

then P (n) is true for all n ∈ N.

This may look slightly confusing at first, but let’s see it in action and you’ll see that

it is a very easy, logical method of proof. An induction proof requires 3 easy steps. . .

Example 1.13. Prove that for n ∈ N,

1 + 2 + 3 + . . .+ n =
n

2
(n+ 1). (1.9)

Proof.
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Note that the second step requires an assumption to be made that P (n) is true for

some n (at least one, possibly more). This assumption is called the .

It is very important to see that we are not assuming the truth of what is to be proved

(which is a general statement concerning all n.)

Example 1.14. Prove by induction: ∀n ∈ N,

13 + 23 + . . .+ n3 =

[
n(n+ 1)

2

]2
. (1.10)
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Induction can be used to prove any type of statements involving integers: let’s try

it on an inequality.

Example 1.15. Prove that ∀n ∈ N,

2n ≤ (n+ 1)! (1.11)
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Finally, induction can also be applied to statements involving divisibility of numbers.

Example 1.16. Prove that ∀n ∈ N,

n3 + 5n is divisible by 6 (1.12)



CHAPTER 2

The Countability of Q

In this chapter, we examine more closely the set of rational numbers, Q, defined as:

There are obviously infinitely many rational numbers, but what may surprise you

is that these numbers can be counted in exactly the same as when we count 1, 2, 3 . . .

We will see that even though there are infinitely many natural numbers and infinitely

many rational numbers, this ‘infinity’ is in fact rather small (in fact, the smallest of all

infinities!)

2.1. Countable sets

It might seem silly to ask what we do when we count, but you will see that sometimes

it is not a trivial task to count elements in a set, especially when the set contains more

than a few elements (or infinitely many elements). Consider, for instance, this set

and this set:

E = {2, 4, 6, 8, 10 . . .} (2.1)

In counting we are not necessarily asking how many elements?, but rather can the

elements be labelled systematically? The set E has infinitely many elements, yet it can

be systematically counted, since every element can be tagged with a label 1,2,3. . . , just

as you might tag the panda with 1, the banana with 2, and “
√

2” with 3.

Question. According to your method of counting, what is the 100th element of E?

What is your label for the element k ∈ E?

You can see that process of counting the elements of E is really an establishment of

a rule, or a ‘labelling’ function, f(k), between an object k ∈ E and a natural number.

19
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This function is given by:

f : (2.2)

Example 2.1. Show that the labelling function f for set E is a bijection.

The fact that f is a bijection is important: it would be confusing to have two objects

with the same label (need f to be ), and when the set is infinite, we

must make sure to use every label, so that counting can proceed smoothly without

skipping certain labels (need f to be ). This leads us to a definition of

countability :

Definition. A set S containing infinitely many elements is countable if there exists

a between S and N.

Note that such a bijection need not be unique: you can easily re-order the labelling

and yet maintain its bijectivity.

We will mainly be focussing on sets with infinitely many elements, since sets with

finitely many elements can clearly be counted. Some books make a distinction between a

countably finite and a countably infinite (also called “denumerable”) set. In this course,

however, we describe both cases simply as ‘countable’.

Corollary. N is countable.

Example 2.2. Prove that Z is countable
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Example 2.3. Prove that if A and B are countable and A ∩ B = ∅, then A ∪ B is

countable.

(see Problem Sheet 2 for the case when A ∩B 6= ∅.)

2.2. The Cartesian product

The next result establishes the countability of all ordered pairs of natural numbers,

e.g. (1,1), (1,2), . . . We denote this set as

N× N = (2.3)

Note that the ‘×’ sign is not a multiplication, but acts as a glue between two sets. This

‘glueing’ of two sets is called the .

Definition. The Cartesian product of two sets A and B is defined as

A×B = (2.4)

Example 2.4. Let A = {a, b, c}. In each case, write down 4 elements of:

i) A× A ii) A× Z iii) A× A× A
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Theorem 2.1. N× N is countable

Proof. (informal) We explicitly construct the labelling function f : N× N→ N as

follows

Let the diagonals be numbered by 1, 2, 3 . . .. Let’s make some observations about

the number pairs on each diagonal.

Suppose we want to know the ‘label’ of the pair (3, 2). We see that (3, 2) lies along

the 4th diagonal, and is the 3rd element on that diagonal. We can label this as element

number .

Further inspection shows that the pair (m,n) lies along the th diagonal,

and is the th element on that diagonal. The label for this pair is

(see Eq. 1.9). It is straightforward to show that the labelling function we constructed

is bijective1. �

One curious implication of this theorem is that there are as many whole numbers on

a line as there are on a 2D grid.

1See Appendix B of [B&S] for full detail.
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Even though there are infinitely many dots in each picture, the ‘infinities’ are equally

big! In Problem Sheet 2, you will show that even a 3D grid of dots contains as many

dots as each of the above figures.

Corollary. If A and B are both countable sets, then A×B is countable.

Proof.
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2.3. Alternative definitions of countability

If a set is countable, its subsets are also countable, as intuition might suggest. The

proof, however, is quite technical2 and so we’ll state it here as a theorem.

Theorem 2.2. If S is a countable set and T ⊆ S, then

The next set of results show that the requirement for a bijection between a countable

set and N can be significantly relaxed: only a surjection or an injection is sufficient. This

demonstrates a typical style of mathematical proof, the so-called ‘TFAE ’ proof, which

establishes that all the statements listed are logically equivalent and interchangeable.

Theorem 2.3 (Alternative definitions of countability.). The following are equivalent:

(I) S is a countable set.

(II) There exists a surjection of N onto S.

(III) There exists an injection of S into N.

Proof. The plan is to prove (I) =⇒ (II), (II) =⇒ (III) and then (III) =⇒ (I),

completing the implication circle.

If S is countable, then by definition, ∃ a between N and S, which

is also a surjection. Hence,

If ∃ a surjection f : N→ S, by definition this means that for any s ∈ S, ∃n ∈ N such

that . In other words, every element s has a label – possibly more than

one label. However, note that no two elements share the same label (why?).

Consider a function g : S → N, such that g(s) is the smallest n such that s = f(n)

(g picks out the label for each s). Note that we can talk about the

smallest element because we are dealing with a subset of N. It’s worth sketching out an

example of such a function.

Now suppose g(s1) = g(s2) (i.e. two elements have the same smallest label). If

s1 6= s2, then we can conclude that f has pasted one label onto two different objects,

s1 and s2. This contradicts the fact that f is . Therefore, we must

have s1 = s2, and therefore g is . Hence, .

2see Appendix B of [B&S]
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Finally, suppose ∃ an injection g : S → N, we can consider g as a bijection

g : S →

Since Ran(g) ⊆ N and N is countable, Ran(g) is therefore by Theorem

. This means that, there exists a bijection, h, between Ran(g) and N. We now

have the following chain of bijective maps:

This shows that is a bijective map from S to N (see Example 1.12). By

definition this means that S is countable. Hence, . �

We can now use any of the 3 statements in Theorem 2.3 to prove that a set is

countable.

Example 2.5. Prove that the set S = {2, 4, 8, 16, 32 . . .} is countable.

2.4. The countability of Q

We are now ready to prove the main result of this chapter. The proof is a melange

of many of our previous results.

Theorem 2.4. Q is countable
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Proof. Let’s first look at the positive rational numbers Q+ = {a/b, a, b ∈ N}.
Consider the map

f : N× N→ Q+,

This map is not injective (for instance, ), but it is surjective

(why?)

Since N× N is countable, by Theorem 2.3, we can find a surjection g such that

g :

Hence, the composite function

is also surjective (by Example 1.12). Again, by Theorem 2.3, this implies that Q+ is

countable.

Similarly, replacing Q+ by Q− = shows that Q− is countable.

Thus, Q, which is just the union of countable sets

Q =

is countable. �

This remarkable result was proved by the Russian-German mathematician Georg

Cantor in 1873. You will learn more about Cantor in Problem Sheet 2.

2.5. Cantor’s Theorem

We end this chapter with another of Cantor’s many fascinating results, which is

so counter-intuitive that many eminent mathematicians of the 19th century refused to

believe it.

But first, a definition.

Definition. The power set, P(S), of a set S consists of all its subsets.

For example, if S1 = {x}, then P(S1) = . Note that its subsets

include the empty set and the set itself.

Example 2.6. Write down the power sets of S2 = {a, b} and S3 = {a, b, c}
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Theorem 2.5. If S contains n elements, P(S) contains elements.

Proof. Consider the binomial expansion

(1 + x)n =

Each binomial coefficient

(
n

k

)
corresponds to the number of subsets with k elements.

To evaluate the total number of subsets, let x = 1. The LHS gives us . �

So far we know N, Z and Q are countable. But what does an uncountable set look

like?

Theorem 2.6. P(N) is uncountable.

Here is a demonstration of a proof by . i.e.. we assume

the contrary (that P(N) is countable) and arrive at an absurd conclusion through a

chain of logical reasoning. If this happens, we know that the initial assumption must be

false, hence proving the original statement.

Proof. Suppose the contrary, i.e. that Then by Theorem

2.3, we can find a surjection f , such that

f :

This means that all subsets of N can be labelled. Here’s one way to do the labelling.

label subset

1 A1={2,4}
2 A2={1,2,32}
3 A3={3,5}
4 A4={12,27}

Note that we can find a label which is a part of its “namesake” subset (e.g. 2 ∈ A2,

) and also a label which does not match any of the stuff in its namesake

subset (e.g. ). We can compile a list of those labels in the latter

category:

U = {n ∈ N, }

Since U is itself a subset of N, it too has a label thanks to the surjectivity of f . Let

U = Am for some m. Now we ask: does m belong to Am?
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It must be that either m ∈ Am or m /∈ Am, so let’s find out which.

If m ∈ Am, then, since Am = U is a list of unmatched labels, m does not match any

of the stuff in Am, meaning that . (hmm...)

Similarly, If m /∈ Am = U , then m is a part of its namesake subset, meaning

. (hmmm...)

Either way, we clearly have a contradiction. Hence no such surjection exists, and

P(N) is therefore uncountable. �

One implication of this theorem is that starting with a set that is infinite, but

countable (like N), we have found a way to produce an even bigger infinite set.

Let me state this in the way that Cantor did.

Theorem 2.7 (Cantor’s Theorem). For any set A, P(A) has a larger cardinality

than A

The word cardinality (abbreviated card) is simply the size, or the number of elements

in a set. For example, card({0, 3,
√

2})= , card(∅)= .

Clearly card(N) is infinity, but nonetheless a countable infinity. This countable in-

finity has a special symbol:

card(N) = ℵ0 (2.5)

(read “aleph-nought”). In fact, one can regard ℵ0 as the ‘smallest’ kind of infinity, as

you will show in Problem Sheet 2.

Cantor’s theorem implies that 3

> (2.6)

where we have casually used the sign > as an ad-hoc symbol to compare infinities.

As a final note, we see that the power set gives us a way of producing a chain of

bigger and bigger sets4 :

card(N) < card[P(N)] < (2.7)

This never-ending chain of larger and larger sets means that there is no such that as the

biggest set, or the set of all sets, or the set of everything5. . .

3Surprisingly, it turns out that the cardinality of P(N) is exactly the same as that of the real numbers.
In other words, there are as many real numbers as there are subsets of N.
4The cardinalities of these sets are all infinities, but these infinities can be compared. Cantor called
these transfinite numbers.
5For the philosophically inclined, look up Russell’s Paradox, which arises when one assumes that there
is a set of all sets.



CHAPTER 3

The Construction of R

What are numbers?

As far as I know, nobody has ever claimed to have seen the numbers 1, π, or
√

2.

You may have seen 1 orange, but you surely have not seen ‘1’ in the flesh. Numbers are

intangible and abstract - a completely artificial construct which we have come to take

for granted.

When we were children, we were taught that 1 + 1 = 2 and 2 × 3 = 6, because

“it’s just so.” But where does it all come from? Is there a deeper logical meaning to

statements like “1 + 1 = 2” ?

In this chapter, you will need to try to forget everything you were taught to accept

in school and start looking at real numbers afresh with analytical eye. At the end of

this chapter, you should understand this sentence:

3.1. Field axioms

Axioms form the most basic foundation of mathematics. These are statements that

are taken to be true, much like the rules of tennis or rugby - you can’t prove those rules,

but you start with them as foundation and then do interesting things based on them1.

In the construction of real numbers, we start with a nonempty set of abstract objects.

Let’s call this set R (but don’t think of them as numbers yet!). Take any element

of R and we now wish create more members of R using two operations, one called

, another called (again, pretend you don’t know

how to do any of these operations, and that you are now looking for rules for doing

them.) These operations are called operations, because each operation takes

two objects and produces an answer.

Take any a, b ∈ R, let’s give addition a symbol +, so that addition produces the result

written as . Similarly, let the multiplication result be written as ,

or simply .

1However, it is impossible to prove everything in mathematics based on axioms. Look up “Gödel’s
Incompleteness Theorems”.

29
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Learning from experience, mathematicians have come up with a minimal set of rules

which make R work in the way that is consistent with our experience of basic arithmetic.

These are known as the , with nine rules as listed below

Take any a, b, c ∈ R, the following axioms hold.

F1 a+ b = b+ a.

F2 (a+ b) + c = a+ (b+ c).

F3 ∃ 0 ∈ R, such that 0 + a = a.

F4 ∃ −a ∈ R, such that a+ (−a) = 0.

F5 Commutativity of ×.

F6 Associativity of ×.

F7 Existence of multiplicative identity.

F8 Existence of multiplicative inverse.

F9

Note on F4 and F8: the additive inverse of a is given the symbol , and the

multiplicative inverse is given the symbol . Adding an additive inverse is called

, and we write as a shorthand for a+ (−b). Similarly, mul-

tiplying by a multiplicative inverse is called , with standing

for a× b−1. Take note in F8 that 0 does not have a multiplicative inverse.

In Problem Sheet 3, you will prove that for each a ∈ R, there is only one element

which satisfies F4 (and similarly for F8) - this means that the additive and multiplicative

inverses are unique. The existence of something unique is given the symbol ∃! (read:

).

These properties are of course familiar to all of us. The point here is that all of the

standard arithmetic manoeuvres (e.g. cancelling common factors, moving to other side)

follow from only these nine rules (much like how the tactics of playing tennis at Wim-

bledon follow from basic tennis rules). Let’s prove a couple of well-known ‘properties’

of real numbers using these axioms (and only these axioms)
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Example 3.1. Prove the following for a, b ∈ R:

a) If a+ b = a, then b = 0.

b) If ab = a and a 6= 0, then b = 1.

What do these properties imply?

Example 3.2. Prove that if a, b ∈ R
a) a× 0 = 0,

b) if ab = 0 and a 6= 0, then b = 0.

Incidentally, a is any set endowed with operations + and ×, obeying the

9 axioms listed (written more professionally, we say “ is a field”). At

university, you will encounter many fields other than R. For example, complex numbers

C (next chapter!), finite fields Fp (also called Galois field, important in cryptography).
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There are also other algebraic structures that do not require all of the field axioms:

If F5 and F8 are left out, the structure is called a (e.g. matrices). If only

F2, F3, F4 are used, the structure is called a (e.g. integers under addition).

The study of these abstract structures is simply called .

3.2. Ordering axioms

The field axioms allow us to create a big pile of elements in R, for example, we know

that 1 ∈ R (by ). Suppose we want 1 + 1 to be something new (neither 0 or 1), we

can call this new object “2”. Similarly we can create more symbols, e.g. 3,4 but they

are all symbols (i.e. drawings) at this stage.

Now we want to give the concept of size to these elements, and come up with rules

which will allow us to compare the elements, so that given two numbers, we can follow

these rules to determine whether one is bigger or smaller than the other. More rules, of

course, means more axioms.

First, we have 0 ∈ R (by ). It’s sensible to define what it means for something

to be bigger than this particular element. Again I must remind you to forget everything

you were taught about inequalities - we are rebuilding these concepts from scratch.

Definition. The set of positive real numbers, , is defined as the set in which

the following ordering axioms hold:

O1 (Closure under +)

O2 ( ) If a, b ∈ R+, then ab ∈ R+,

O3 (Trichotomy Law) If a ∈ R, then exactly one of the following holds:

The last axiom implies that any element a of R falls into one of three sets:

(3.1)

We call the set R− . Note that R = ,

where the unions are disjoint.

The field axioms and the ordering axioms together make R an .

Definition. (Definitions of inequalities) Let a, b ∈ R. The symbols <,>,≤,≥ are

defined as follows:

(a) If a− b ∈ R+, then we write (or, equivalently, ).

(b) If a− b ∈ R+ ∪ {0}, then we write

(c) If −a ∈ R+, then we write
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Question. Restate the Trichotomy Law in terms of inequalities.

Question. Explain why

a ≤ b and a ≥ b =⇒ a = b.

Let’s use the ordering axioms and the definitions of inequalities to prove a few well-

known results (you may assume basic algebraic manipulations at this point).

Example 3.3. Prove the following properties of inequalities (where a, b, c ∈ R).

(a) If a > b and b > c, then a > c.

(b) If a > b then a+ c > b+ c.

(c) If a > b and c > 0 then ca > cb.
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The next example shows that the ordering axioms lead naturally to the conclusion

that natural numbers are positive real numbers (i.e. ).

Example 3.4. Prove the following.

(a) If a ∈ R and a 6= 0, then a2 ≡ a× a > 0.

(b) 1 > 0.

(c) If n ∈ N, then n > 0.

3.3. The existence of ‘something’ that is not a rational number

We could have restarted this chapter and replace all occurrences of R with Q and,

up to this point, everything would follow smoothly. Indeed the rational numbers also

form an . Here, we show that there exists something which is not

an element of Q (although we’re not sure what it is yet).

Definition. (Square-root symbol) Let a, b > 0. If a2 = b, we write .

The following is a classic proof that every mathematician should understand and be

able to reproduce.



3.4. SUPREMUM AND INFIMUM 35

Theorem 3.1.
√

2 /∈ Q.

Proof. Suppose the contrary, i.e. . This means we can find integers p

and q such that

p/q =
√

2.

We want to work towards a .

We can assume that p and q have no common

factors (otherwise just cancel the common factors and start with a new set of p and q).

Squaring the previous equation gives

p2 = (∗)

This means that p2 is an even number. Is p even or odd?

p cannot be odd because, suppose p = 2k + 1, we have the identity

(2k + 1)2 = .

Hence p must be , and we can write p = 2K for some integer K.

However, using (∗), we have 2q2 = p2 = , and so q2 = , meaning that

q2 is , and so is q (by the same reasoning as before).

The contradiction lies in the fact that

Hence
√

2 /∈ Q �

You might be surprised to know that this result was already known to Pythagoras

in ∼ 500BC. We can easily modify the proof to show that
√
N , where N is not a perfect

square, is not a rational number (see Problem Sheet 3). There are more hi-tech ways of

proving this result, and you might come across them in more advanced courses.

You might notice that I have not said that
√

2 is an irrational number. The previous

Theorem only tells you that
√

2 /∈ Q, but it doesn’t tell you what
√

2 is.

In the next section, we will show that, in fact,
√

2 is a .

3.4. Supremum and Infimum

The last ingredient in constructing the real numbers is the special property of the

real line that we were taught in school: the real line is a continuous flow of numbers

with no ‘gaps’. This ‘gapless’ property of R cannot be derived from other properties,

and another axiom will be needed.
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To understand exactly what ‘gapless’ means, we shall need the concept of the

and of a set, which are similar to maximum and minimum, but more

generalised.

We will often deal with sets of real numbers on an interval, notations like

{x ∈ R : 1 < x ≤ 4}

are just too cumbersome. The shorthand for the above interval is

i.e. a round bracket for strict inequality, a square bracket for possible equality. The sets

{x ∈ R : x ≥ 3} and {x ∈ R : x < 1},

are abbreviated respectively as

and

(At this point∞ is a meaningless symbol which we use only for abbreviation purposes).

Consider four varieties of the unit interval as shown below.

In the first set, [0, 1], in everyday language it makes sense to say that 1 is the

maximum of this set, and 0 is the minimum. If we want to be more rigorous about what

these terms mean, we could define the maximum mathematically as follows.

Definition. The maximum of set S ⊂ R is defined as the element M ∈ S such that

.

Example 3.5. Prove that if a maximum of a set S ⊂ R exists, it is unique.
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Question. Why can’t we say that 20 is the maximum of [0,1]?

What would be a better term for it?

Definition. An of a set S ⊂ R is defined as any element

u ∈ R such that .

Question. Why can’t we say that 1 is the maximum of [0, 1)?

What are some possible upper bounds for [0, 1)?

For the set [0, 1), we see that 1 is the upper bound , since it is the

minimum in the set of upper bounds. Another name for the least upper bound is the

.

In shorthand, we can write

(3.2)

Question. Does [0,1] have a supremum?

Here’s the formal definition of the supremum:

Definition. The supremum, u, of a set S ⊂ R is defined as follows:

• u is an upper bound of S, i.e., ∀
• if v is any upper bound of S, then (i.e. u is the least upper bound)

Similarly, we can define the minimum, a lower bound, and the ,

also known as the . Similarly to (3.2), we use the shorthand

(3.3)

The point is that sup and inf play the roles of max and min of a set, but they do

not necessarily lie in the set itself. They are more general than max and min since they

apply to a wider variety of sets.

Example 3.6. Find the max, min, sup and inf (wherever possible) of the set

S =

{
n

n+ 1
, n ∈ N

}
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Definition. A set which has an upper bound is said to be .

A set which has a lower bound is said to be .

A set without an upper bound or a lower bound is said to be .

Example 3.7. In each case, write down a set which:

(a) is bounded below but has no minimum.

(b) is bounded above but has no maximum.

(c) has no infimum.

(d) has an infimum but no supremum.

(e) has neither infimum nor supremum.

3.5. Completeness axiom

Definition. (Completeness axiom for R) Every nonempty set of real numbers that

is bounded above has a in R.

This innocuous statement is an important axiom that is required to prove properties

of R that we have taken for granted, such as the following.

Theorem 3.2. (Archimedean property of R) Given any x ∈ R, there exists an integer

p ∈ N such that x < p.

Proof. An ‘obvious’ result such as this is best tackled with a proof by .

On the contrary, suppose that for any given x ∈ R, .

This means that x is an of N.

N is clearly a nonempty subset of R, so the Completeness Axiom implies that N has

a – let’s call it α. Thus, for all integers p ∈ N, .

Now, if p ∈ N, then p + 1 , and so . Rearranging,

we find that

p ≤

for all p ∈ N.

The contradiction lies in the fact that

�

An immediate consequence of the Archimedean property of R is that N is .

Next, recall our previous result that
√

2 /∈ Q (although we weren’t sure what sort of

creature
√

2 is). The Completeness Axiom now allows us to show that
√

2 ∈ R.
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Theorem 3.3. There exists a positive real number x such that x2 = 2.

Proof. Consider the set

S =

This set is nonempty (e.g. ). Clearly, it is also bounded above (e.g. ).

The Completeness Axiom therefore implies that – let’s call it

x ∈ R.

We now show that x2 = 2 by ruling out the only other possibilities: a) x2 < 2 and b)

x2 > 2. This is just a consequence of

CASE (a): Suppose that x2 < 2. Consider h defined as

h =
1

2
− x2

4
.

We note that

0 < h <
1

2
. (why?)

Now consider (
x

1− h

)2

=

Therefore, we have found an element
x

1− h
∈ S. However, we observe that

x

1− h
x.

This contradicts the fact that

Therefore the case x2 < 2 is ruled out.

CASE (b): Suppose that x2 > 2. The proof is similar in structure. First, consider

k =
1

2
− 1

x2
.

We can show that 0 < k < 1/2, and that [x(1 − k)]2 > 2. Next, show that ∀s ∈ S,

s < x(1−k) (i.e. we have found an upper bound of S). Finally, observe that x(1−k) < x

to see the contradiction. I’ll leave the detail as an exercise in Problem Sheet 3.

With both cases ruled out, there must exist a real number x such that x2 = 2. �

Such a real number, which is not a rational number, is called an .

Although the proof above is slightly technical, the implication is extremely important:

we have officially found a real number that is neither an integer nor a fraction.
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Another implication of the Completeness Axiom is the sense of continuous ‘flow’ and

‘gaplessness’ of real numbers that we are familiar with. Let’s see what happens when a

set lacks completeness.

Theorem 3.4. Q is not complete.

Proof. It is sufficient to find a nonempty set of rational numbers that has an upper

bound, but no supremum that lies in Q. For instance, take

S = {s ∈ Q, s <
√

2}

which clearly nonempty (e.g. ) has an upper bound in Q (e.g. ),

but supA =
√

2 /∈ Q. �

Even though Q is an ordered field, its incompleteness means that there are ‘gaps’

such as
√

2 in Q. No such gap exists in R, and this corresponds to the idea of R as a

continuum of numbers, i.e. the real line.

At this point, we can see that the construction of real numbers is based on three sets

of axioms, which we can summarise in one sentence as follows:

Theorem 3.5. R is a .

This was the statement we set out to prove at the beginning of this Chapter.

In fact, any complete ordered field can be shown to be equivalent to R, so mathe-

matically we can talk about R as complete ordered field.
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3.6. The uncountability of R

We end this Chapter with an interesting fact that R is uncountable. Cantor published

two different proofs. Here I give an informal outline of his second proof of 1891.

Theorem 3.6. R is uncountable

Proof. It suffices to show that the interval (0, 1) is uncountable. Suppose that, on

the contrary, (0, 1) is countable. This means we can make an ordered list of every real

number x such that 0 < x < 1.

Let’s make a partial list, and label each number in the list x1, x2, . . .

x1 =

x2 =

x3 =

x4 =
...

For each xi, note the number in the ith decimal place. Now let’s create a ‘freak’

number, xf ∈ (0, 1), whose ith decimal place is different from that of xi. For instance,

xf =

The first decimal place of xf is different from that of x1, so xf 6= x1.

The second decimal place of xf is different from that of x2, so xf 6= x2. . .

Continuing this way, we see that we have found xf ∈ (0, 1) which is not part of the

ordered list, contradicting the hypothesis that (0, 1) is countable.

Hence (0, 1) is uncountable. �

The cardinality of R is written the symbol c, which is clearly larger than the countable

infinity we met in Chapter 2. In symbols:

> (3.4)

where c stands for . Surprisingly, one can show that the cardinality

of R is equal to that of P(N), i.e.

= (3.5)

This means that there as are many real numbers as there are subsets of natural numbers!

The proof is just a little beyond the scope of this course. But I hope you will revisit this

problem in a future course in analysis.



42 3. THE CONSTRUCTION OF R

Another interesting consequence of the uncountability of R is that if we remove all

the rational numbers from R, the result is

R\Q ≡ (3.6)

and since, Q is countable, R\Q is uncountable (see Problem Sheet 3). This means that

there are ‘many more’ irrational numbers than rational numbers.

As a final note, I should mention a very important problem in mathematics. We

know from Problem sheet 2 that ℵ0 is the smallest infinity. Let’s call the next larger

infinity ℵ1. But how big is ℵ1?
The postulates that there is no set with cardinality

between ℵ0 and c. In other words, . In a sense, this means that infinities

come in discrete sizes, like S, M, L, XL. . . but nothing in between. It turns out that this

problem can neither be proved or disproved using the standard axioms2 of mathematics,

and so can be taken as either true (Cantorian set theory) or false (non-Cantorian).

2These most fundamental axioms are called the Zermelo-Fraenkel axioms, after their discoverers.



CHAPTER 4

Complex numbers

Complex numbers have a long and rich history dating back to the work of the Italian

mathematician Scipione del Ferro in the 1500s (surprisingly, they arose in the quest to

solve cubic equations). The term ‘imaginary’ was coined by René Descartes in mid 17th

century as a pejorative term to highlight their strange properties. The term ‘complex

numbers’ was coined by Gauss in 1831.

In this Chapter, we will introduce complex numbers and work with them on a prac-

tical ‘applied’ level, rather than take the axiomatic route (which is analogous to the

construction of R). In this sense, this is perhaps the least ‘pure’ topic in this course,

but I hope many of you will enjoy this brief switch of gear.

4.1. Definition

The complex numbers are built upon the imaginary unit, i, defined as

i = (4.1)

This definition implies that the solutions to x2 = −1 are .

Since i2 = −1 < 0, by Example 3.4, we know that i cannot be a real number. By

simply postulating that this object, whose square is −1, exists (whatever it may be), we

open up a whole new kind of algebraic structure.

Definition. The set of complex numbers, C, is defined as the set of elements of the

form

z = x+ iy, x, y ∈ R. (4.2)

The addition and multiplication in this definition can be borrowed from those of the

field axioms in Chapter 3.

In the form (4.2), x is called the of z, denoted

y is called the of z, denoted

If x = 0, z is said to be a imaginary number.

If y = 0, z is real. This shows that every real number is a complex number. In other

words, .

Question. Using definition 4.1, solve x2 = −4.

43
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Example 4.1. Solve x2 − 4x+ 5 = 0, where i) x ∈ C, ii) x ∈ R.

4.2. Complex arithmetic

Addition and multiplication are done in an obvious way. To make expressions simpler,

replace i2 by −1 wherever it occurs.

(a+ ib) + (c+ id) = (4.3)

(a+ ib)(c+ id) =

= (4.4)

Example 4.2. If z1 = 3 + 2i, z2 = 3− 2i and z3 = 3i. Express the following in the

form x+ iy.

(a) z1 + z2

(b) z3 − 3z1

(c) z1z2

(d) z21

Definition. Let z = x + iy. The complex number z = x − iy is called the

of z.

Definition. The of z = x+ iy is defined as:

|z| =
√
x2 + y2. (4.5)

Note that |z| ≥ 0 for all z.

Example 4.3. Write down the conjugate and modulus of each complex number in

the previous example. Also evaluate: (z1 + z2), (z1z2), |z1z2|, |z21 |, |z1 + z2|.
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Here are some nice properties of the modulus and conjugate: ∀z1, z2 ∈ C

(z1 + z2) = z1 + z2 (4.6)

(z1z2) = z1 · z2 (4.7)

|z1z2| = |z1||z2| (4.8)

|zn1 | = |z1|n (4.9)

Let’s prove (4.6) (the rest are similar, see Problem Sheet 4). Write z1 = a+ib, z2 = c+id,

we see that z1 + z2 = , hence

(z1 + z2) =

Question. Is it true that |z1 + z2| = |z1|+ |z2|?

Example 4.4. Prove that ∀z ∈ C, zz = |z|2.

Example 4.5. Prove that z is real if and only if z = z.

Write down a similar statement for pure-imaginary z.

Whilst we can now make sense of numbers like 1+2i, what is a complex fraction like

z =
1

1 + 2i
,

supposed to mean? Is it real or imaginary, and how do we know?

Fortunately, Example 4.4 comes to the rescue. Multiply the numerator and denom-

inator by 1 + 2i = , we have:

z =
1

(1 + 2i)

This means that the ‘reciprocal’ of (1 + 2i) is just another complex number.

Do you see a similarity between this procedure and the ‘rationalisation’ of
1

1 +
√

2
?
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Example 4.6. Simplify
4− 6i

−5 + i
.

4.3. Geometric interpretation

Just as we can associate the real line with R, we can associate a simple geometric

picture with C. Because we have two degrees of freedom for each complex number, the

geometric picture will be dimensional.

For each z = x+ iy, we can associate a coordinate pair (x, y) in a 2D plane known as

the (also called the Argand diagram1). In this plane, the x and

y axes are the and parts of z respectively.

Example 4.7. On the same set of axes, plot z1 = 3+4i, z2 = −4−i, z3 = 3i, z4 = 2.

Question. What is the relationship between the positions of z and z on the complex

plane?

Question. What is the relationship between the positions of z and −z on the

complex plane?

1named after the self-taught French mathematician Jean-Robert Argand (1768-1822).
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4.4. Trigonometric form

Recall that any point P in the plane can be described using the Cartesian coordinates,

(x, y), or, alternatively, using coordinates (r, θ), where r=

and θ = . Exactly the same can be done in the complex plane,

where the real and imaginary parts of a complex number z are traded for two alternative

attributes:

(a) the distance of z from the point z = 0 (the ‘origin’) in the complex plane,

(b) the angle, θ, that it makes with the positive real axis.

This angle is called the of z, and denoted

θ = (4.10)

By considering the position of z = x + iy in the complex plane, we see that the

distance from the origin to z equals (by Pythagoras’s theorem), which

is just its .

The argument can be calculated considering angles in an appropriate right-angle

triangle.

From this triangle, we see that

x = y =

Therefore we can express z as:

z = x+ iy = (4.11)

This is called the trigonometric form of z, also known as the mod-arg or polar form.

The argument of a complex number is obviously not unique, since any multiple of

can be added to the argument without changing the complex number. (we will

need this fact later). We say that the ‘function’ arg(z) is .

If the argument is restricted to the range −π < θ ≤ π, it is called the principal value

of the argument, sometimes denoted Arg(z) (capital A). The argument is single-valued

in this domain. More about this later.

Example 4.8. Express each of the following in trigonometric form.

1 + i, −1 + i, −1− i, 1− i.
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Example 4.9. (a) A complex number satisfies |z| = 1. Where on the complex

plane can it be? (this is called the of such z)

(b) Discuss the value of arg 0.

(c) Sketch the locus of complex numbers z which satisfy arg z = π
3
.

4.5. Euler’s identity

This theorem is fundamental to the understanding of complex numbers, and shows

a remarkable connection between complex numbers and trigonometry.

The proof requires the use of Maclaurin power series - you may skip the proof for

now, but come back to it after we study them in Chapter 6).

Theorem 4.1 (Euler’s Identity). For all θ ∈ R,

eiθ = cos θ + i sin θ

Proof. We need the following Maclaurin power series:

sinx =

cosx =

ex =

Now substitute x = iθ and use the following cyclic values of in, where n ∈ N.
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Therefore,

eiθ =

�

Letting θ = π in Euler’s identity gives us a famous formula that has been printed on

countless T-shirts, mugs, posters...

= (4.12)

Advocates of 4.12 point out that this single equation features five mathematical constants

that underpin much of mathematics.

Euler’s identity allows us to convert any complex number into exponential form as

follows. Starting with the trigonometric form:

z = (4.13)

Out of the three forms, namely, Cartesian, trigonometric and exponential, the expo-

nential form is often the most convenient for problem solving, we can easily perform

operations on it as if it were ordinary exponential.

Example 4.10. Let z = 1− i. Evaluate z5 using:

a) direct expansion b) Euler’s identity.
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Example 4.11. Express the numbers 1 and i in exponential forms. Are these ex-

pressions unique?

Example 4.12. Prove that when a complex number is multiplied by i, it is rotated

in the complex plane by 90◦.

Demonstrate this effect with the number 1 + i.

How would you rotate a complex number by angle α about the origin?

In the complex plane, there are many mappings, like the arg(z), which are multival-

ued. It turns out that the complex logarithm, log(z) is also multivalued (even though

the real log is single-valued) as can be seen from this working:

log z = log(|z|ei arg z)

=

= (4.14)

In a more advanced complex analysis course, you will learn more about multivalued

functions and how to choose their principal values.
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Example 4.13. Find all possible values of log(e), log(−1) and log(i).

Note: In each of the above examples, the answer with n = 0 is called the principal

value of the complex log.

Example 4.14. (strange?) Calculate all possible values of

(a) 1i,

(b) (−1)i,

(c) ii.
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4.6. de Moivre’s Theorem

Observe that we can write

(cos θ + i sin θ)n =

=

= (4.15)

The identity (4.15) is an immediate consequence of Euler’s identity. It gives a con-

version between powers of cos and sin to multiple angles in cos and sin. Identity (4.15)

is called , after the French mathematician Abraham de

Moivre (1667–1754), who also made important contributions to probability theory.

Example 4.15. If |z| = 1, prove that z = z−1.

Example 4.16. Show that

cos θ =
eiθ + e−iθ

2
and sin θ =

eiθ − e−iθ

2i

Hence,

i) Express sin i in the form x+ iy.

ii) prove that cos2 θ + sin2 θ = 1
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Example 4.17. Use complex numbers to prove the identity sin 2θ = 2 sin θ cos θ in

two ways.

Example 4.18. Use de Moivre’s theorem to show that

cos 3θ = 4 cos3 θ − 3 cos θ.

Find a similar expression for sin 3θ.
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4.7. Roots of unity

Let’s appeal to complex numbers to help us solve equations of the form

zn = 1. (4.16)

where n is a positive integer. In R, there the only possibilities are z = However,

there are more solutions in C.

Question. Write down all solutions to z2 = 1 and z4 = 1.

How many solutions do we expect for zn = 1?

To answer this question, we need to appeal to a very important result:

Theorem 4.2 ( ). A polynomial of the form

a0 + a1z + a2z
2 + . . . anz

n = 0,

with constant coefficients ai ∈ C, has exactly solutions, counting multiplicities.

Multiplicity refers to the number of times a root is repeated, for example, the poly-

nomial

f(x) = x6 − 13x5 + 69x4 − 191x3 + 290x2 − 228x+ 72 = 0,

can be factorised as

(x− 1)(x− 2)3(x− 3)2 = 0.

In this case we say f(x) = 0 has solutions x = 1 (multiplicity 1), .

The total number of solutions, counting multiplicities, is , as predicted by the FTA.

We will use the FTA in this course without proof (some basic 2nd-year topology is

required to prove the FTA - so you will have to wait a bit longer.)

Consider the equation

z3 = 1. (4.17)

To solve this equation, we use Euler’s identity to express the RHS in exponential form.

z3 =

where n = (since FTA tells us to expect 3 solutions). Taking cube root

of both side gives

z = (4.18)
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If we want the solutions in the form a+ ib, we could write

z =

=

although this isn’t compulsory. The important thing is to deduce from (4.18) the distri-

bution of the 3 roots in the complex plane.

Question. Why would all the solutions (4.18) all lie on the circumference of the

unit circle?

Question. Why would the solutions (4.18) be evenly spread on the circumference?

These solutions are called .

Example 4.19. Solve z4 = 1.

Question. If the solutions to z4 = 1 are joined by straight lines in order of increasing

argument. What is the resulting shape?

Question. If the solutions to zn = 1 are joined by straight lines in order of increasing

argument. What is the resulting shape?
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Example 4.20. Solve z3 = i.

Example 4.21. Solve z5 = −32. Leave your answers in exponential form. Locate

them on the complex plane.

Identify two conjugate pairs in your solutions.



CHAPTER 5

Sequences and Limits

Consider the pattern of numbers: 1,
1

2
,
1

3
,
1

4
. . .

If someone asks you, what is the behaviour of the terms as this pattern continues for

the next 10 pages? It is natural to say that the terms in this pattern, or ,

get closer and closer to zero. But how can we express this statement mathematically?

In this chapter, we will learn about convergence and limits of sequences, as well as

the meaning behind the symbol ∞, which we have been very careful not to talk about

so far.

5.1. Prelude: Inequalities

We will be constantly dealing with inequalities. I assume that you are comfortable

with basic results like:

• |x| < a =⇒
• |x| > a =⇒

Another useful inequality to keep in mind is the following:

1

x+ a

1

x
, if x, a > 0 (5.1)

We will also need a few inequalities which you may not have come across.

Theorem 5.1 (Bernoulli’s Inequality). For any x > −1 and n ∈ N,

(1 + x)n ≥ 1 + nx. (5.2)

Proof. Use induction.

�

57
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Theorem 5.2 (Triangle Inequality). For any x, y ∈ R

|x+ y| ≤ |x|+ |y|. (5.3)

Proof. Note that x ≤ |x| for all x ∈ R. Now consider

(x+ y)2 =

�

It’s easy to extend the Triangle Inequality to more terms using induction.

Corollary. For any real numbers x1, x2 . . . xn,

|x1 + x2 + . . .+ xn| ≤ (5.4)

Theorem 5.3 (Triangle Inequality - reverse version). For any x, y ∈ R

|x− y| ≥
∣∣|x| − |y|∣∣. (5.5)

Proof. Apply the Triangle Inequality to x = (x− y) + y to get:

Similarly, apply the Triangle Inequality to y =

�
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5.2. Notation

A sequence X is a function from N to R, where

X = (xn) = (5.6)

When we discuss sequences, it is understood that n ∈ N, and I’ll omit this from now on.

Example 5.1. Write down the first few terms of these sequences

(xn) =

(
1

2n

)
, (yn) = (2n+ 1) , (zn) = (cosnπ) .

The round brackets tell us that the sequence is ordered : Note the difference between

S1 = ((−1)n) and S2 = {(−1)n} (n ∈ N).

S1 is an infinite sequence, whereas S2 is a set containing two elements.

Example 5.2. Rewrite the following sequences using the bracket notation:

(a)
1

2
,
3

4
,
5

6
. . .

(b) 10, 12, 14, 16 . . .

(c) 1,−2, 4,−8, 16,−32 . . .

(d) 0, 1, 0, 1, 0, 1 . . .

It’s also possible to define a sequence recursively. For instance, consider the sequence

(xn) with

x1 = 1, x2 = 1, xn = xn−1 + xn−2 (n ≥ 3).

The first few terms of this sequence are . This is, of course,

the sequence.
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5.3. Convergence: a first look

Consider the sequence(
1

n

)
= (5.7)

What is the behaviour of the terms as n becomes very large? It is clear that the

terms get closer and closer to . In symbols, we write

This reads “ 1
n

tends to zero as n tends to infinity.”

Another way to say this is

The sequence
(
1
n

)
to 0.

Yet another way is to say that the limit of the sequence
(
1
n

)
is 0. In symbols:

This sequence

(n) = 1, 2, 3, 4 . . .

clearly does not converge. In this case, we say that the sequence . We

can also say that the lim
n→∞

n . Don’t say: lim
n→∞

n =∞.

Warning: Never write ∞ in your working, except in the context of limits.

Example 5.3. By inspection, state whether each sequence converges or diverges. If

the sequence converges, state the limit.(
1

n2

) (
(−1)n

n

) (
1

n3 + 5

) (
10000000000

2n− 7

)
(

1

2n

) (
−1

n!

) (
1

1 + lnn

) (
1√

5n+ 3

)

(4n− 17)
(
n2
)

(n!) (2n)

(
n

n+ 1

) (
n2 + 3

2n2 + n− 1

) (
n− 2

n2 + 1

) (
en

n+ 1

)
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5.4. Convergence: the N, ε definition

It’s time we put some mathematical rigour into our intuition for convergence. Let’s

look again at the sequence
(
1
n

)
. Here is a histogram of the first 12 terms:

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 1  2  3  4  5  6  7  8  9  10  11  12

x n

n

xn = 1/n

Question. How many terms does it take before the next term in the sequence drops

below a) 0.3, b) 0.2, c) 0.1, d) 0.01, e) 0.0012345.

You can see from this exercise that you are free to pick an arbitrarily small positive

number, and you can always find the number of terms needed for the terms in the

sequence to drop below that small number.

The situation is like a limbo game, in which the height of the stick is ε (we’re free to

fix this to whatever we want). The objective of the game is for the terms in the sequence

to go under the stick, so that . The higher n is, the lower they go.
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In the previous example, having set the stick at height ε = 0.0012345, the terms go

below the stick when n > .

The first few terms may start off quite large, and won’t be able to limbo under. But

eventually, all the terms down the tail of the sequence are able to go under.

If this happens for whatever height ε, then we say the sequence is .

Here’s another example.

Consider the sequence

(xn) =
(
1 + n−3

)
.

By inspection, we see that the sequence should converge to . But how do we show

this fact?

What’s relevant here is not how big the terms in the sequence are themselves, but

rather, how close are they to the limit, i.e. we’re more interested in the size of the

quantity:

I’ll refer to this quantity as the . Note that in the previous example, the error

was the same as each term in the sequence because the limit was zero.

So now let’s set up the limbo stick at height ε. Can the errors eventually go under

the limbo stick? i.e. when will

<

Question. In the above example, given ε > 0, find a real number r such that the

error is less than ε for all n > r.

Since n is an integer, it is more useful to ask, what’s the number of whole terms, N ,

needed to make the error go below ε. To ensure this, just take N to be sufficiently large

(any integer larger than will do)1.

Since this is valid for any given ε, we see that the error can go as low as we like. Hence

the sequence is convergent. Our argument also establishes that the sequence converges

to 1.

Let’s try this again on another sequence, this time a little more abstract.

1Thanks to the Archimedean property, we know there’s such an N ∈ N.
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Suppose we have a sequence (xn), which we think (by inspection or otherwise) might

converge to x. How do we prove it?

If (xn) → x, then after a large number of terms, we expect each term to be quite

close to x, with only a small error. That means given any ε > 0, we want to find an

expression for the number of terms, N ∈ N, such that

< (5.8)

If we can find such an N for any given ε, then we can say that the sequence converges

to x.

This is the idea behind the formal definition of convergence.

Definition. A sequence (xn) is said to converge to x if

< (5.9)

This definition looks more scary in symbols that it actually is. In limbo analogy:

“After N terms, all the errors limbo under.”

To put it in another way,

“Down the tail of the sequence, the error is arbitrarily small.”

Here’s another picture which helps explain this (N, ε) definition. Instead of the

histogram at the beginning of this section, let’s plot the size of each term, |xn|, as a

function of n. Can you see where N is?



64 5. SEQUENCES AND LIMITS

Example 5.4. Prove that lim
n→∞

1

n
= 0.

Example 5.5. Prove that lim
n→∞

1

np
= 0 for all p > 0.

Note the following points about the N, ε proof of limits.

• N depends on ε. How far down the tail you need to go depends on the size of

the error required. Some books write this dependence as N(ε) or Nε.

• ε is arbitrary. Remember that we are free to set up the limbo stick however high

we like before the search for N begins.

• Play with inequalities. A typical N, ε proof of a limit requires juggling inequal-

ities, making bold estimates and sometimes reverse engineering. It helps to do

a bit of rough working on the side.

• You need to know the limit somehow. The definition of convergence does not

tell you what the limit is. You have to work that out yourself (more in the next

Section). We only use the N, ε definition to help us prove that the limit is what

we think it is.
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Example 5.6. Prove that

(
1

n2 + 2

)
converges to 0.

Example 5.7. Prove that

(
3n+ 2

2n+ 1

)
converges.

Example 5.8. Prove that

(
(−1)n

2n− 1

)
converges.

Example 5.9. Prove that

(
n2 − 1

2n2 + 3

)
converges.
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When square roots are involved, the ‘conjugate’ is useful.

Example 5.10. Prove that lim
n→∞

(√
n+ 1−

√
n
)

= 0.

This next result is extremely useful.

Example 5.11. If 0 < r < 1 then lim
n→∞

rn = 0.
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5.5. Divergence

So far we have discussed only convergent sequences. But what sort of sequence does

not converge? One example is a sequence which grows without bound, e.g. .

We call this a sequence.

Definition. A sequence (xn) is bounded if ∃M > 0 such that

(5.10)

If necessary, we may also assume M ∈ N. (Why?).

Theorem 5.4. If a sequence converges, it is bounded.

Proof. Suppose we have a sequence (xn) converging to x.

�

The contrapositive of Theorem 5.4 is particularly useful:

Lemma.

Example 5.12. Prove that the sequence

(
2n2

2n− 1

)
is divergent.
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Example 5.13. Prove that the sequence
(
n sin

nπ

2

)
is divergent.

Is the converse of Theorem 5.4 true?

Example 5.14. Prove that the sequence (yn) = ((−1)n) is divergent.
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5.6. Limit theorems

It’s not always easy to prove limits using the N, ε definition. The inequalities involved

are quite tricky, and we were limited to dealing with only a small repertoire of simple

sequences. What we want to do now is to prove general results which will allow us to

evaluate limits of a large class of complicated sequences without relying on the definition.

Theorem 5.5. [Limit addition] If (xn) converges to x and (yn) converges to y,

then (xn + yn) converges to x+ y.

Theorem 5.6. [Limit multiplication] If (xn) converges to x and (yn) converges

to y, then (xnyn) converges to xy.
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In Problem Sheet 5, you will prove that limits also distribute over sequence subtrac-

tion and multiplication of a sequence by a constant.

Limits can also distribute over division, though we have to be a little more careful.

Theorem 5.7. If

• (zn) converges to z,

• zn 6= 0 for all n,

• z 6= 0,

then (1/zn) converges to 1/z.

Combining the above with the limit-multiplication theorem immediately gives:

Theorem 5.8. [Limit division] If (xn) converges to x, (zn) converges to z (where

z 6= 0 and zn 6= 0 for all n ∈ N), then .

Theorems 5.5-5.8 are known collectively as the .

Let’s now use them to evaluate some limits.
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When dealing with ratios of expressions in n, it’s useful to divide through by the

highest power of n, and apply the fact that (1/np) converges to 0 (see Example 5.5).

Example 5.15. Evaluate the limit as n→∞ in each case.

an =
2n+ 1

n
, bn =

2n+ 1

n+ 5
, cn =

2n

n5 + n− 13
, dn =

n3 + 1000

n3 +
√
n
.



72 5. SEQUENCES AND LIMITS

Theorem 5.9. [Squeeze Theorem] Let (xn), (yn), (zn) be sequences such that

xn ≤ yn ≤ zn for all n.

If lim
n→∞

xn = lim
n→∞

zn, then

lim
n→∞

xn = lim
n→∞

yn = lim
n→∞

zn.

The Squeeze Theorem says that if each term in a sequence is bounded by two other

sequences which converge to the same limit, then the sequence is ‘squeezed’ (or ‘sand-

wiched’) towards the same limit. It is particularly useful for proving the convergence of

sequences which fluctuate within a fixed range (e.g. terms involving sin, cos, (−1)n).

Example 5.16. Evaluate the limits of the sequences defined by the following terms.

xn =
sinn

n
, yn =

cos(nπ/3)√
n

, zn =
(−1)n

3n2 + 7
.
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Finally, we prove a theorem that is useful for sequences involving exponential terms

(e.g. 2n) and factorials. But first, a little observation that if a positive sequence con-

verges, the limit is also positive.

Theorem 5.10. If (xn) converges to x and xn ≥ 0 for all n, then x ≥ 0.

Theorem 5.11. [Ratio Test I] Let xn > 0 for all n ∈ N, if

lim
n→∞

(
xn+1

xn

)
< 1, (5.11)

then lim
n→∞

xn = 0.
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Example 5.17. Prove that the following sequences converge to 0.

(xn) =
( n

2n

)
, (yn) =

(
3n

n!

)
.

Theorem 5.12. [Ratio Test II] Let xn > 0 for all n ∈ N, if

lim
n→∞

(
xn+1

xn

)
> 1, (5.12)

then (xn) diverges.
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We can combine Theorems 5.11–5.12 into one neat little test.

Theorem 5.13. [Ratio Test for Positive Sequences] Let xn > 0 for all n ∈ N.

Let L be the ratio

L = lim
n→∞

(
xn+1

xn

)
.

a) If L < 1, then (xn) converges to zero.

b) If L > 1, then (xn) diverges.

Note that the Ratio Test is inconclusive if L = 1 (see Problem Sheet 5).

Furthermore, even if L is unbounded, you can still show that (xn) diverges. I’ll leave

this to you as an exercise.

Example 5.18. Prove that the sequence (xn) =

(
3n

n2n

)
is divergent.

The Ratio Test for Positive Sequences is particularly useful for sequences containing

factorials and exponential terms (e.g. 2n). We will see the Ratio Test again in the next

Chapter.

We finish with a little exercise to help us guess whether a sequence converges or

diverges. It’s important to have a rough insight into the behaviour of a sequence before

launching into any proofs.

Question. Rank the following functions in terms of increasing size if n is large

n, n2,
√
n, n1/3, n!, 2n, 3n, en, lnn.





CHAPTER 6

Series

In everyday language, the words sequences and series are often interchangeable.

However, in mathematics, these words refer to different ideas. Sequences are ordered

lists of terms, whilst series are sums of terms.

6.1. Notation

Let (xn) be a sequence. Consider the sequence (sn) related to (xn) as follows:

s1 = x1,

s2 = x1 + x2,

s3 =
...

sn =

Let S = lim
n→∞

sn. we call S an (or simply, a series).

Each sn is called a of the series.

A series is often denoted using the summation sign, where

S =
∞∑
n=1

xn = x1 + x2 + x3 + . . . (6.1)

Question. Fill in the blanks:
5∑

n=1

xn =
10∑

n=10

xn =

= x3 + x4 + x5 + . . .+ x100 = x0 + x1 + x2 + x3 + . . .

∞∑
n=7

xn =
∞∑
k=7

xk =

The last example shows that it doesn’t matter what letter we choose as the index (n

or k or other letters). We say that the n in
∞∑
n=1

xn is just a .

77
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Example 6.1. The series is defined as

S = = a+ ar + ar2 + ar3 + . . .

where a ∈ R. Find an expression for the partial sum containing terms up to arn. Hence,

show that

S =
a

1− r
if |r| < 1.

Example 6.2 (Telescopic sum). Find an expression for the partial sum

SN =
N∑
n=1

1

n(n+ 1)
.

Hence, evaluate
∞∑
n=1

1

n(n+ 1)
.
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Here’s another kind of series you will have seen before in the Calculus course.

Example 6.3. Write down the Maclaurin series for an infinitely differentiable func-

tion f(x). Hence, find the Maclaurin series for
√

1 + x up to the term in x3. Assuming

that the series converges when x = 1, estimate
√

2.

Note that we have just estimated
√

2 using only basic operations (+,−,×,÷), and

you can see how you might easily write a computer programme to work out square roots.

But, try this.

Example 6.4. Use the previous series to estimate
√

10.

The point is that Maclaurin series typically converges if x is small. In particular, we

have the following important condition.
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Theorem 6.1. The Maclaurin series for (1+x)p, where p ∈ R , converges if |x| < 1.

You can prove this by showing that the remainder Rn(x)→ 0 if |x| < 1 (see Calculus

course). I’ll leave this as an exercise.

Example 6.5. Write down the Taylor’s series for f(x) around x = a in two ways:

(a) f(x) as a series in (x− a)

(b) f(a+ ε) as a series in ε

Find the Taylor series for
1

x2
about x = 1. Hence, estimate (1.1)−2 to 3 decimal places

without using a calculator.
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6.2. Convergence Tests

Recall that we can think of a as a limit of the of

partial sums (sn). If lim
n→∞

sn exists, we say that series converges (otherwise, we say it

diverges). In the rest of this Chapter, we will study various tests to determine whether

a series converges.

But we start off with a simple test to see if a series diverges.

6.2.1. nth-term Divergence Test. If lim
n→∞

xn 6= 0, the series
∞∑
n=1

xn diverges.

Proof. We’ll prove the contrapositive, i.e.

�

The nth-term Test simply says that if the tail of the series does not become vanishingly

small, then the series cannot converge.

Question. Write down some divergent series.

Can the nth-term test tell us whether a sequence converges? The answer is no, as

demonstrated by the next famous example.

Example 6.6 ( series). Show that the following series diverges.

1 +
1

2
+

1

3
+

1

4
+ . . .



82 6. SERIES

The divergence of the harmonic series is notoriously slow.

Question. Guess how many terms it would take for the harmonic series to exceed

10, 100, 1000.

However, consider the series:

1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+ . . .

This series converges to a rather surprising number (see Problem Sheet 6). We will prove

its convergence at the very end of the Chapter.

Before we proceed, we state an intuitive result that we shall use without proof. It

concerns the convergence of an increasing or decreasing sequence (xn).

We say that (xn) is an increasing sequence if

x1

On the other hand, (xn) is a decreasing sequence if

x1

A sequence which is either increasing or decreasing is called a sequence.

Theorem 6.2 (Monotone Convergence Theorem). A monotone sequence converges

if and only if it is bounded.

The fact that a convergent sequence is bounded was proved in the Lemma in Section

5.5. The other implication requires the completeness property of R: see the proof in

B&S (Theorem 3.3.2).

Note that the MCT does not tell us what the limit of a sequence is.

Example 6.7. Does the MCT apply to the following sequences?(
1

n

)
,

(
1− 1

n2

)
, (sinn)
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6.2.2. Comparison Test. Let

∞∑
n=1

xn and
∞∑
n=1

yn

be two series such that for all integers n ∈ N,

0 ≤ xn ≤ yn.

a) If
∞∑
n=1

yn converges, then
∞∑
n=1

xn converges.

b) If
∞∑
n=1

xn diverges, then
∞∑
n=1

yn diverges.

Proof. For (a), assume
∞∑
n=1

yn converges. Consider the partial sums

sn = x1 + x2 + . . .+ xn

tn =

Since every term is non-negative, the sequence (sn) satisfies

s1 ≤ s2

In other words, (sn) is an sequence. Similarly, (tn) is also an increasing

sequence. Let T = lim
n→∞

tn. We can deduce that for all n ∈ N,

≤ and therefore, sn ≤

Now (sn) is an increasing sequence which has an upper bound, T . Thus, (sn) con-

verges by the . This proves (a).

Part (b) is just the of (a). �

Example 6.8. Does the series
∞∑
n=1

1√
n

converge or diverge?

Corollary. The series
∞∑
n=1

1

np
is divergent when .
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Question. If
∞∑

n=10

xn converges, is it true that
∞∑
n=1

xn also converges?

This observation tells us that the Comparison Test still works even if the inequality

0 ≤ xn ≤ yn.

only holds for , where N is some integer. We will need this observation

in the next convergence test, which can be regarded as an improved version of the

Comparison Test.

6.2.3. Limit Comparison Test. Suppose that xn, yn > 0 for all n > N0 (where

N0 is some integer), and the following limit exists:

r = lim
n→∞

(
xn
yn

)
.

a) If r 6= 0 then either both
∑

xn and
∑

yn converge, or both diverge.

b) If r = 0 and
∑

yn converges, then
∑

xn converges.

Proof. If r 6= 0, we use the limit definition with ε = r/2:

If r = 0, we use the limit definition again with ε = 1:

�

Example 6.9. Show that the series
∞∑
n=1

1

n2
converges.
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Example 6.10. Show that the series
∞∑
n=1

1

np
is convergent when p ≥ 2.

The are an important set of yardsticks with which we can

use to compare other series to determine whether they converge.

I should briefly mention the importance of the series

∞∑
n=1

1

n2
= 1 +

1

22
+

1

32
+

1

42
+ . . .

which the young Euler proved to converge to in 1735. This series ap-

pears in many areas of mathematics and physics, and is one of the values of the

function:

ζ(s) =
∞∑
n=1

1

ns
, if Re(s) > 1

which you will revisit in a more advanced course on complex analysis. The famous yet-

unsolved concerns the distribution zeros of this function. If

it is true, it has many far-reaching implications in number theory and theoretical physics.

Example 6.11. Does the series
∞∑
n=1

1√
n+ 1

converge or diverge?

Example 6.12. Does the series
∞∑
n=1

1

n2 + n+ 1
converge or diverge?
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Example 6.13. Does the series
∞∑
n=1

n3 + 3n− 50

n6 + n2 − 1
converge or diverge?

6.2.4. Ratio Test. Let xn > 0 for all n > N0 ∈ N. Let L be the ratio

L = lim
n→∞

xn+1

xn
.

a) If L < 1, then
∞∑
n=1

xn converges.

b) If L > 1, then
∞∑
n=1

xn diverges.

Proof. If L < 1, from the proof of the Ratio Test for Positive Sequences (Thm

5.11), we saw that xn satisfies

xn ≤ rn
[xN+1

rN+1

]
= for all n > some integer N,

where 0 < r < 1. The term in square brackets is just a constant, which we call C.

Now,
∞∑
n=1

rn is just a series with |r| < 1 and so it ,

and so does
∞∑
n=1

xn by .

Similarly, for (b), the Ratio Test for Positive Sequences implies that (xn), ,

and so does
∞∑
n=1

xn by the test. �

As with the RTPS, The Ratio Test for series is particularly useful when dealing with

series containing exponentials and factorials.
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Example 6.14. Does the series
∞∑
n=1

3n

4n
√
n

converge or diverge?

Example 6.15. Does the series
∞∑
n=1

(2n)!

(n!)2
converge or diverge?

Example 6.16. What conclusions can be drawn if we apply the Ratio Test to the

p-series,
∞∑
n=1

1

np
?
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As was the case for sequences, the Ratio Test is inconclusive if the ratio L = 1. To

deal with the p-series, let us look at another powerful test. But first, a bit of calculus.

Example 6.17. Evaluate

∫ e

1

lnx

x
dx.

You will also need to know what decreasing and increasing functions are (these are

also known as functions).

Theorem 6.3. f is said to be an increasing function on interval I if ,

for all x ∈ I. f is a decreasing function on interval I if .

Question. Are the following functions decreasing or increasing in the domain [1,∞)?

Find their derivatives.

ex, lnx, x2,
√
x, sinx,

1

x
,

1

x2
,

1√
x
,

1

lnx

Here are a couple of easy little results which will be useful later.

Lemma. If f and g are both positive and increasing functions on interval I, then fg

is on interval I.

Lemma. If f is non-zero and increasing on interval I, then
1

f
is

on interval I.
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6.2.5. Integral Test. : Let f be a positive, decreasing function on [1,∞). The

series
∞∑
n=1

f(n)

converges if and only if the integral ∫ ∞
1

f(x)dx

converges.

Proof. Here’s a picture to help us visualise the proof.

In each rectangle in the interval [k − 1, k], we have

Adding these inequalities for k = 2, 3. . . . n, we obtain

where sn denotes a partial sum
∑n

k=1 f(k). If (sn) converges, the sequence (sn−1) also

converges and hence (In) =
(∫ n

1
f(x)dx

)
converges by .

On the other hand, If (In) converges, then (sn)−f(1) converges by ,

and so (sn) converges. �
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The Integral Test is very useful for series containing np and lnn. In particular, it

easily deals with the p-series (which evaded the Ratio Test) for all values of p at once.

Example 6.18. For what values of p does the series
∞∑
n=1

1

np
converge?

Example 6.19. Does the series
∞∑
n=2

1

n lnn
converge?

(Why can’t the sum start from n = 1?)
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So far we have only dealt with series of positive terms. In next year’s Analysis course,

you will delve more deeply into the convergence of more general series. Meanwhile, here

is an easy test one can perform on series with terms of alternating signs.

6.2.6. Alternating-Series Test. Let (xn) be a sequence of decreasing, strictly

positive numbers with lim
n→∞

(xn) = 0, then the series:

x1 − x2 + x3 − x4 . . . =

is convergent

Proof. Any partial sum of the series either has even or odd number of terms. Let’s

first look at a partial sum with even number of terms: call it s2n:

s2n =

=

Since (xn) is decreasing, xk xk+1 and so each term in the brackets is non-

negative. Grouping the terms in this way, we can consider s2n as an

sequence.

On the other hand, grouping the terms in another way:

s2n =

shows that for all n. Thus, s2n is a bounded, increasing sequence,

which is therefore convergent by the .

Let lim
n→∞

s2n = s. We now show that a partial sum with odd number of terms also

converges to the same limit, s.

Let’s take a partial sum with 2n+ 1 terms. Note that

s2n+1 = s2n+

The limits of both terms on the RHS exist, therefore,

lim
n→∞

s2n+1 =

by the .

We have shown that any partial sum converges to the same limit. By definition this

means that the alternating series converges. �
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Question. If
∞∑
n=1

(−1)n+1xn converges, does
∞∑
n=1

(−1)nxn converge?

Example 6.20. Do the following series converge? a)
∞∑
n=1

(−1)n+1

n
, b)

∞∑
n=2

(−1)n

lnn
.

Summary of Convergence Tests for Series

Test Useful for?
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